
Error Estimation for Nonlinear Reduced Basis Methods
based on Empirical Operator Interpolation

M. Drohmann1 B. Haasdonk2 M. Ohlberger3

1Sandia National Laboratories, Livermore, CA, Dept. 08954 mdrohma@sandia.gov

2Institute for Applied Analysis and Numerical Simulation, Stuttgart

3Institute of Numerical and Applied Mathethematics, Münster

03/24/2013

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned

subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy's National Nuclear Security Administration

under contract DE-AC04-94AL85000

mdrohma@sandia.gov


Outline

1 Empirical operator interpolation

2 Scalar evolution problems

3 Basis generation

4 Coupled systems of PDEs

5 Numerical experiment

6 Summary and future work

Martin Drohmann(mdrohma@sandia.gov) ( Sandia National Laboratories, Livermore, CA, Dept. 08954 mdrohma@sandia.gov, Institute for Applied Analysis and Numerical Simulation, Stuttgart, Institute of Numerical and Applied Mathethematics, Münster )
03/24/2013 [2em] Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy's National Nuclear Security Administration under contract DE-AC04-94AL85000 2

/ 21

mdrohma@sandia.gov


Table of Contents

1 Empirical operator interpolation

2 Scalar evolution problems

3 Basis generation

4 Coupled systems of PDEs

5 Numerical experiment

6 Summary and future work

Martin Drohmann(mdrohma@sandia.gov) ( Sandia National Laboratories, Livermore, CA, Dept. 08954 mdrohma@sandia.gov, Institute for Applied Analysis and Numerical Simulation, Stuttgart, Institute of Numerical and Applied Mathethematics, Münster )
03/24/2013 [2em] Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy's National Nuclear Security Administration under contract DE-AC04-94AL85000 3

/ 21

mdrohma@sandia.gov


Empirical operator interpolation

Scenario:

Discrete operators Lh(µ) : Vh →Wh

for parameter vectors µ ∈M ⊂ Rp.

Goals:

Linearization

Parameter separation

Fréchet derivatives

A posteriori error estimation
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Empirical operator interpolation

Discrete parametrized operators Lh(µ) : Vh →Wh

Definition: discrete function space Wh

Hilbert-space Wh ⊂ L∞(Ω)

has basis functions {ψi}Hi=1
, ψi ∈ Wh and

DOF functionals Σh := {τi}Hi=1
, with τi :Wh → R, such that

for all uh ∈ Wh : uh =
∑H

i=1
τi (uh)ψi
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Empirical operator interpolation

Discrete parametrized operators Lh(µ) : Vh →Wh

Ingredients

�Trained� set: X := {Lh(µ) [uh(µ)] ;µ ∈M}
POD- or interpolation basis: {qm}m=1,...,M

Interpolation DOFs:
{
τEIm
}M
m=1

, with τEIm ∈ Σh

References: (B.Haasdonk, M.Ohlberger, G.Rozza, 2008) and (M.Drohmann, B.Haasdonk,
M.Ohlberger, 2012)
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Empirical operator interpolation: Properties

Interpolation is based on the simple idea:

IM [Lh] := IM [Lh [·]]

So: Inherits results for EIM

Interpolants of Fréchet derivatives e�ciently computable

Invariance of �linear operator properties�:
I especially global and local conservation of �nite volume operators

Computationally equivalent to DEIM
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Empirical interpolation: Error analysis

For vh ∈ X
the interpolation error ‖vh − IM [vh]‖L∞ can be bounded:

A priori under assumption of possible exponential convergence (Maday et al, 2009)

A posteriori under assumption of exactness for M + M′ interpolation basis functions.

Globally, i.e. for all µ ∈M (Barrault et al, 2004) and (Eftang et al., 2010)

With respect to its best approximation

min
w
h
∈span{qm}Mm=1

‖wh − vh‖L∞

via computable Lebesgue constant ΛM ≤ 2M − 1. (Barrault et al, 2004)
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Scalar Evolution Equation

Analytical Formulation

For µ ∈M ⊂ Rp , �nd u : [0,Tmax]→W ⊂ L2(Ω), s.t.

u(0) = u0(µ), ∂tu(t)− L(µ) [u(t)] = 0

plus (parameter dependent) boundary conditions.

Discretization (implicit/explicit with Newton scheme)

For µ ∈M �nd {uh}Kk=0
⊂ Wh ⊂ W, s.t.

u0h := Ph [u0(µ)] , uk+1

h
:= u

k+1,νmax(k)
h

with Newton iteration

uk+1,0
h

:= ukh , uk+1,ν+1

h
:= uk+1,ν

h
+ δk+1,ν+1

h
,(

Id + ∆tDI |
u
k+1,ν
h

)[
δk+1,ν+1

h

]
= ukh − uk+1,ν

h
−∆t

(
I
[
uk+1,ν
h

]
+ E

[
ukh

])
.

Martin Drohmann(mdrohma@sandia.gov) ( Sandia National Laboratories, Livermore, CA, Dept. 08954 mdrohma@sandia.gov, Institute for Applied Analysis and Numerical Simulation, Stuttgart, Institute of Numerical and Applied Mathethematics, Münster )
03/24/2013 [2em] Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy's National Nuclear Security Administration under contract DE-AC04-94AL85000 9

/ 21

mdrohma@sandia.gov


Scalar Evolution Equation

Analytical Formulation

For µ ∈M ⊂ Rp , �nd u : [0,Tmax]→W ⊂ L2(Ω), s.t.

u(0) = u0(µ), ∂tu(t)− L(µ) [u(t)] = 0

plus (parameter dependent) boundary conditions.

Discretization (implicit/explicit with Newton scheme)

For µ ∈M �nd {uh}Kk=0
⊂ Wh ⊂ W, s.t.

u0h := Ph [u0(µ)] , uk+1

h
:= u

k+1,νmax(k)
h

with Newton iteration

uk+1,0
h

:= ukh , uk+1,ν+1

h
:= uk+1,ν

h
+ δk+1,ν+1

h
,(

Id + ∆tDI |
u
k+1,ν
h

)[
δk+1,ν+1

h

]
= ukh − uk+1,ν

h
−∆t

(
I
[
uk+1,ν
h

]
+ E

[
ukh

])
.

Martin Drohmann(mdrohma@sandia.gov) ( Sandia National Laboratories, Livermore, CA, Dept. 08954 mdrohma@sandia.gov, Institute for Applied Analysis and Numerical Simulation, Stuttgart, Institute of Numerical and Applied Mathethematics, Münster )
03/24/2013 [2em] Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy's National Nuclear Security Administration under contract DE-AC04-94AL85000 9

/ 21

mdrohma@sandia.gov


Reduced basis scheme (DHO, 2012)

Reduced simulation (implicit/explicit with Newton scheme)

For µ ∈M �nd
{
uk
h

(µ)
}K
k=0
⊂ Wh ⊂ Wh, such that

u0h := Ph [u0(µ)] , uk+1

h
:= u

k+1,νmax(k)
h

with Newton iteration

uk+1,0
h

:= ukh , uk+1,ν+1

h
:= uk+1,ν

h
+ δk+1,ν+1

h
,(

Id + ∆tDI |
u
k+1,ν
h

)[
δk+1,ν+1

h

]
= ukh − uk+1,ν

h
−∆t

(
I
[
uk+1,ν
h

]
+ E

[
ukh

])
.

Lred,I/E := Pred ◦ IM ◦ I/E
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A posteriori error estimator (DHO, 2012)

Estimator ∥∥ukh (µ)− ukred(µ)∥∥ ≤ ηkN,M,M′(µ)

Two main contributions:

Projection error on Wred (exactly computable!)

Empirical interpolation error (M +M ′ trick)

Plus: �Lipschitz� properties:

‖u − v + ∆tLI [u]−∆tLI [v ]‖W
h
≥ 1

CI,∆t
‖u − v‖W

h

‖u − v −∆tLE [u] + ∆tLE [v ]‖W
h
≤ CE ,∆t ‖u − v‖W

h
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EI basis generation

EI-Greedy

With interpolation error εM(uh) := ‖IM [uh]− uh‖L∞ ,

iteratively search for

collateral reduced basis functions qM := argmaxuh∈Xtrain εM−1(uh) and

Interpolation DOFs τEIm := argmaxτ∈Σh
|τ [IM−1 [qM ]]− τ [qM ]|.

Variants:

only search for interpolation DOFs (POD-DEIM, GNAT)

use di�erent (RB)-error (PODEI-Greedy, T.Tonn)
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Coupling of basis spaces
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Coupled systems

Solve for (u1
h
, . . . , uI

h
) ∈ Vh := V1

h
× . . .× V I

h

Discretization

L1h
[
(u1h , . . . , u

I
h)
]

= 0

...
...

LJh
[
(u1h , . . . , u

I
h)
]

= 0

with discrete operators Lj
h

: Vh →W
j

h
, j = 1, . . . , J.
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Coupled evolution systems

Solve for (u1
h
, . . . , uI

h
) ∈ Vh := V1

h
× . . .× V I

h

Discretization

(
∂u1

h

∂t

)
+ L1h

[
(u1h , . . . , u

I
h)
]

= 0

...
...

LJh
[
(u1h , . . . , u

I
h)
]

= 0

+initial condition

with discrete operators Lj
h

: Vh →W
j

h
, j = 1, . . . , J.
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Coupled systems

How to reduce with RB method?

(A) Generate reduced bases Φ1

N1
⊂ V1

h
, . . . ,ΦI

NI
⊂ V I

h

and empirical operator interpolants I1
M1

[
L1
h

]
, . . . , IJ

MJ

[
LJ
h

]
(B) Generate reduced basis ΦN ⊂ Vh

and empirical operator interpolant IM
[(
L1
h
, . . . ,LJ

h

)t]
(equivalent to scalar case)

(C) �Something between (A) and (B)�

Assumption: M1 + . . .+MI < M and N1 + . . .+ NI < N

⇒ Heuristic algorithms for optimal basis sizes
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A posteriori error estimator (DHO, 2012)

Estimator ∥∥ukh (µ)− ukred(µ)∥∥ ≤ ηkN,M,M′(µ)

Two main contributions:

Projection error on Wred (exactly computable!)

Empirical interpolation error (M +M ′ trick)

Plus: �Lipschitz� properties:

‖u − v + ∆tLI [u]−∆tLI [v ]‖W
h
≥ 1

CI,∆t
‖u − v‖W

h

‖u − v −∆tLE [u] + ∆tLE [v ]‖W
h
≤ CE ,∆t ‖u − v‖W

h
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A posteriori error estimator

Theorem (A posteriori error estimator )

Assumptions:

Operators ful�ll �Lipschitz� properties:
I ‖u − v + ∆tLI [u]−∆tLI [v ]‖W

h
≥ 1

CI,∆t
‖u − v‖W

h
I ‖u − v −∆tLE [u] + ∆tLE [v ]‖W

h
≤ CE,∆t ‖u − v‖W

h

M′-trick: Empirical interpolations exact for larger CRB space WM+M′ and
Ph [u0(µ)] ∈ Wred

Then: ∥∥∥ukred(µ)− ukh (µ)
∥∥∥ ≤ ηkN,M(µ)

with

ηN,M(µ) :=

k−1∑
i=0

Ck−i+1

I ,∆t
Ck−i
E ,∆t

(∥∥∥Rk+1

I+E ,M(µ)
∥∥∥+

∥∥∥∆tRk+1(µ)
∥∥∥+ εNew

)
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A posteriori error estimator

Theorem (A posteriori error estimator cont.)

Assumptions:

Operators ful�ll �Lipschitz� properties:
I ‖u − v + ∆tLI [u]−∆tLI [v ]‖W

h
≥ 1

CI,∆t
‖u − v‖W

h
I ‖u − v −∆tLE [u] + ∆tLE [v ]‖W

h
≤ CE,∆t ‖u − v‖W

h

M′-trick: Empirical interpolations exact for larger CRB space WM+M′ and
Ph [u0(µ)] ∈ Wred

Then: ∥∥∥ukred(µ)− ukh (µ)
∥∥∥ ≤ ηkN,M(µ)

with

ηN,M(µ) :=

k−1∑
i=0

Ck−i+1

I ,∆t
Ck−i
E ,∆t

(∥∥∥Rk+1

I+E ,M(µ)
∥∥∥+

∥∥∥∆tRk+1(µ)
∥∥∥+ εNew

)

Martin Drohmann(mdrohma@sandia.gov) ( Sandia National Laboratories, Livermore, CA, Dept. 08954 mdrohma@sandia.gov, Institute for Applied Analysis and Numerical Simulation, Stuttgart, Institute of Numerical and Applied Mathethematics, Münster )
03/24/2013 [2em] Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy's National Nuclear Security Administration under contract DE-AC04-94AL85000 19

/ 21

mdrohma@sandia.gov


A posteriori error estimator

Theorem (A posteriori error estimator )

Then: ∥∥∥ukred(µ)− ukh (µ)
∥∥∥ ≤ ηkN,M(µ)

with

ηN,M(µ) :=

k−1∑
i=0

Ck−i+1

I ,∆t
Ck−i
E ,∆t

(∥∥∥Rk+1

I+E ,M(µ)
∥∥∥+

∥∥∥∆tRk+1(µ)
∥∥∥+ εNew

)
The residuals R∗,M measure the empirical interpolation error, e.g.

Rk+1,ν
∗,M :=

M+M′∑
m=M

l∗m

[
uk+1,ν
red

]
ξm
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Outlook

Conclusion

Model order reduction of general parametrized evolution schemes

with reduced basis methods and empirical operator interpolation

specialized reduced basis spaces and empirical interpolation Dofs desirable

Future work

Parametrization of Two�Phase�Flow example

Rigorous error control of reduced data
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